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Abstract. In this article we establish several Ohsawa-Takegoshi type theorems for 
twisted pluricanonical forms and metrics of adjoint W-bundles. 

§0 Introduction 

Our main goal in this article is to generalize the Ohsawa-Takegoshi extension theorem 
in the context of pluricanonical forms. 

Let X — )■ A be a smooth projective family, and let (L, Hl) ^ X he a, line bundle 
endowed with a metric h^. The "standard" assumptions for the metric Hl are: 

• The curvature current of (L^Hl) is positive, i.e. V— 10^^ (L) > 0; 

• The restriction of the metric Hl to the central fiber is well defined /il|Xo ^ oo. 

Under these circumstances, the extension theorem established in [32] (and subsequently 
developed in [1], [2], [13], [27], [33], [34], [41], [46]) states as follows: let u be a holo- 
morphic section of the bundle Kx + L\Xo which is with respect to Hl, i.e. 

(1) / l^l^e-^^ < oo. 

Then there exists a section U of the bundle Kx + L whose restriction to Xq is equal to 
u, and such that 



I \U\^e-^^ <Co f 



where Cq is a purely numerical constant. The meaning of the word "restriction" above 
is that over the central fiber we have U^Xq = u A dt. 

We prove in this article similar effective extension statements for bundles of type 
(2) pKx + L. 

If p > 2, a first result to be mentioned is the invariance of plurigenera due to Y.-T. Siu 
(cf. [41]), which completely elucidates the case of pluricanonical forms (i.e. without 
the additional twisting L). Indeed, it is possible (and not very complicated) to refine 
further the result in [41], and obtain the following statement: let u be a holomorphic 
section of the bundle pKx^^; then there exists a section U of the bundle pKx whose 
restriction to Xq is equal to u, and such that 

U\i <Co f \u\i 



where Cq is the same constant as above. 
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Motivated by applications in algebraic geometry, one has to generalize this kind of 
results for twisted pluricanonical forms but in this setting, the optimal integrability 

2 

conditions to be imposed are less clear: for example, replacing (1) with the natural Lp 
convergence is not enough (cf. the examples in [16], [21]). 

We describe next the results we obtain in the present article. 

To start with, we recall the following notion. Consider an ideal 3 C Ox and a 

positive integer k > 0. We denote by J the integral closure of the k power of J: it 

is the ideal constructed as follows. Let a; G X be an arbitrary point, and let (/i, fr) 

— (fc) 

be the generators of J at {X,x). Then J is described locally at x as follows 

:= {^eOWM^<$:i/«l'}- 

a 

In this context, we first prove the next refined version of the twisted invariance of 
plurigenera. 

0.1 Theorem. Let tt : X ^ 3 be a projective family over the unit disk and let (L, h) 
be a hermitian line bundle, with the properties • and • above. Then there exists a 
universal constant Cq > such that for any positive integers p > q and for any section 

there exists a section 

U eH%X,pKx + qL) 

such that: 

(i) Over the central fiber we have t/|Xo = diz^'^; 
(a) The next L^/^ integrability condition holds 

J OC J Xo 

If p = (/ = 1 , then this is precisely the Ohsawa-Takegoshi extension theorem recalled 
above. For p > 2 the origins of the qualitative part of our result is the work of Siu 
see [40], [41], and also [10], [14], [16], [17], [18], [19], [20], [21], [25], [26], [27], [29], [30], 
[35], [44], [45], [46], [47], [49] for related statements. 

An important source of inspiration for theorem 0.1 arise in particular from the results 
obtained by H. Tsuji, S. Takayama and C. Hacon-J. McKernan respectively in connec- 
tion with their work on pluricanonical series (see [46], [44], [20]). To make this more 
transparent, we consider the following variant of 0.1. 

0.1' Theorem. Let X be projective, and let (L, Hl) be a hermitian line bundle on X. 
Let S <Z X be a non-singular, irreducible submanifold of codimension 1, such that h\s 
is well defined. Assume that the next curvature condition is satisfied 
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Then any section of {pKs + qL)®3{hL\s)'^^^ extends to X as a section of the line bundle 
p{Kx + S) + qL. 

This result is not a consequence of theorem 0.1, but of its proof: the only difference 
is the version of the Ohsawa-Takegoshi theorem to be used in the inductive process. 
Moreover, following [27] it is possible to formulate (and prove) the higher codimensional 
analogue of the previous statement -where the hypersurface S will be replaced by a 
maximal center of some Q-di visor. □ 

We remark that in theorem 0.1 it is not enough to assume the convergence of the 
integral / \u\pe p'^^ in order to infer the extension of u; the additional hypothesis 

J Xo 

is needed. For many purposes however it is desirable the avoid this latter condition, 
i.e. to replace it with something more "manageable". This is the problem we address 
in the second part of our article, where we assume for simplicity that q = 1 and 
J(/i]^'|^ ) = Oxo- We notice that in general this latter hypothesis does not implies that 

J(^L|xI) = Ox„. 

We will analyze here the extension of sections of (2) under the hypothesis that the 
curvature current of L is only assumed to be semi-positive. Hence, unlike the usual 
setting, the bundle L or its restriction to the central fiber is not necessarily big, but 
a natural vanishing assumption for the section to be extended is needed. Our next 
result can be seen as an effective version of the Ein-Popa theorem in [16]; also, it 
is a generalization of results due to J. -P. Demailly and H. Tsuji in [15], respectively 
[47], [48]. There are many notations/hypothesis we have to introduce before stating it, 
but they are natural in the context of the study of twisted pluricanonical systems on 
algebraic manifolds. 

Let TT : X — )> D be a proper, surjective map, where D is the unit disk. We assume 
that the central fiber Xq = 7r~^(0) is non-singular, and let L ^ X be a hermitian line 
bundle such that ci(L) contains the current 

(3) p{[A] + a)ec,{L) 
where the notations are as follows. 

(a) A := ^j^ji^-'Yj is an effective Q-divisor, such that pv^ e Z for any j e J; the 
hypersurfaces YjCX together with Xq have strictly normal crossings. 

(b) a is a closed, non-singular, semi-positive form of (l,l)-type, with the property that 
{pa} e iy2(X,Z). 

Furthermore, wc assume that the bundle Kx + l/pL is pseudoeffective, and let /imin be 
a metric with minimal singularities corresponding to it; we denote by ©min its curvature 
current. We assume that 

(4) ^min 



that is to say, the minimal multiplicity of the class {Kx + l/pL} along the central fiber 
Xo is equal to zero (see e.g. [6]). Let ^ — > X be an ample line bundle. The assumption 
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(4) implies that the metric with minimal singularities /imin,e corresponding to the class 
Kx + 1 /pL + eA is not identically +oo when restricted to Xq (see [6]), so that we can 
write 

(5) 0min,£|Xo = Pmin,e[Yj0] + ^Os 

where Yjo := Yj fl Xq and where {p^^^-^ ^) are positive real numbers. For each j, the 
sequence {p^^^-^ g) is decreasing, and we define 

(6) Pmin.oo := JimPmin.e- 

We introduce the notation 

J' := {jeJ: pii„,^ < i^^} 
and we assume furthermore that the next condition is satisfied: 

(c) We have < 1 and for any subset I C J' and any £ > the restriction of the 
current Aqe defined in (6) to the intersection P| Ym n Xq is well-defined. 

Let ho = e~"^° be a metric on the Q-bundle Kx^ + 1 /pL with the property that 

eh,{Kxo + l/pL)>0 
and such that the following inequalities are satisfied 

(7) VO < PLin,oo^Og\fyf + ^ ^Og\fy/ 

and 

(8) f e'^^-^^ < oo 

We denote by Lpi^ the singular metric on L induced by the decomposition (3), and for 
each 2 we denote by jy. in (7) the local equations of the hypersurface Yj. We state 
now our next result. 

0.2 Theorem. Under the hypothesis (a) — (c) and (7), (8) above, the restriction </?mm|Xo 
is well-defined, and there exists a constant C < depending only on the quantity (8) 
and the geometry of the map n such that the following inequality holds at each point of 
Xq 

(9) (^minlXo > C' + ^O- 

If we assume moreover that < 1 for all j, then given any section u of the bundle 
pKxo + L whose zero divisor is greater than 

w pJ2p^in,jyjo]+P E ^^Ko] 

jeJ' j€J\J' 
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there exists a section U of pKx + L extending u, and such that 



U\pe p'^^ ^ Co \u\pe p'^^ . 



1 , 



□ 



Actually, we obtain an even more precise result: we can replace the metric <^min in (9) 

with the so-called super-canonical metric on the bundle Kxm+ -L (in the terminology 

P 

of [15], [47]). We prefer however the formulation above, for reasons that will appear in 
a moment. 

We remark that as a consequence of (9) we obtain Ohsawa-Takegoshi type estimates 
for the extension U, provided that the section u vanishes along the divisor (★). 

If the form a in (b) is strictly positive, then the second part of the preceding result 
was established in [22], [16]. Also, we refer to the section 17 of the article [15] (and 
the references therein) for an enlightening introduction and related results around this 
circle of ideas. □ 

In order to give another interpretation of the result 0.2, we assume that we have < 1, 
i.e. the pair (X, A) is kit in algebro-geometric language. 

Let L' = L|Xo -pEjej'Pmin.ooKo] - PEjeJ\J' ^^I^joY^ is difficult to 

show that the bundle Kx„ + l/pL' is pseudoeffective (see e.g. the arguments at the end 
of section B). We denote by v'min metric with minimal singularities corresponding 
to the bundle Kxo + l/pL'; then we have 

(10) kmin|Xo-E<in,oologl/.f - E ' ^Ln\ < C 

jeJ' jeJ\J' 

so the singularities of the restriction (/?min|Xo completely understood in terms of the 
extremal metric (p'j^in- Except for the rationality oi the coefficients p^^^^ ^, the relation 

(10) is the metric version of the description of the restricted algebra in [22]. □ 

Furthermore, we show that the inequality (9) of 0.2 has a compact counterpart, i.e. 
when the couple (X, Xq) is replaced by (X, S), where we denote S G X a, non-singular 
hypersurface of the projective manifold X. The bundle L — > X is assumed to have the 
properties (a) — (c) above; in addition, we assume that we have 

(t) a>7e40(5)), 

where 7 is a positive real, and his a non-singular metric on the bundle 0{S) associated 
to S. 

The hypothesis concerning {Kx + S -\ — L}, its corresponding minimal metric <^min 

P 

and the metric (po on Kx + S + ^L\s encoded in relations (3)- (8) are assumed to hold 
transposed in the actual setting. In this case, the perfect analogue of (9) is true, as 
follows: we have 

(11) '^minlS 

>C + (po 
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as it is shown by theorem B.9. If we assume that < 1, then the analogue of the 
inequahty (11) in the present context can be rephrased as foUows: a metric (po on 

Kx + S ^ — Li 5 is more singular than the restriction of (frain to S if and only if it 

p ' 

satisfies the relation (7). 

In section C we prove an extension statement which was used in our previous work [4] : 
it is a quick consequence of the quahtative version of inequahty (12) above (cf. the 
comments of B.IO). 

As far as the organization of the present text is concerned, we mention here that 
the main sections A and B can be foUowed independently (even if they share many 
similar techniques). 

In conclusion, wc believe that the metric point of view as initiated by J.-P.Demailly 
in [11] will be extremely useful for further research around the topics presented in this 
article. □ 



§A. Proof of theorem 0.1 

At the beginning of this paragraph we will prove the qualitative part of the theorem 
0.1; the method we will use it is still the "standard one" borrowed from the articles in 
the field quoted above. Nevertheless, there are quite a few things to be changed and 
therefore we will provide a complete treatment. 

The main technical tool which will be needed is the following effective extension 
theorem. Results of this kind first appeared in [32] ; the version which is best adapted 
for what we need is taken from [41] . 

A.O Theorem ([41]). Let tt : X — )■ A 6e a projective family of smooth manifolds. 
Let E ^ X be a line bundle, endowed with a (possibly singular) metric h, with semi- 
positive curvature current. If u E H^{Xo, Kxq + E) is a section of the adjoint bundle 
of E restricted to the central fiber, such that 

I |wpe-'^<oo 

then there exist a section U G H^{X, Kx + E), such that U\Xo — u Adn and moreover 

[ \Ufe-^ <Co [ lufe-"^. 

Jx Jxo 



We recall that the constant Cq above is absolutely universal-in fact, this is the real 
strength of the preceding result. 

Anyway, the above result shows that in order to extend some section u of the bundle 
pK^i, + qL, it would be enough to get a metric on the bundle {p — l)Kx + qL such 
that u is square integrable with respect to the restriction of this metric to the central 
fiber. If p = 1, then q is either equal to or 1 and the metric in question is easy to 
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obtain, since we just take the one we have on the bundle L by hypothesis. In general, 
the construction of the metric is done by induction, and will be performed in the next 
two subsections. 



§A.l Choice of the ample line bundle 

Let u G H^{Xo,pKxo + qL)) be the section we want to extend. In order to start the 
inductive procedure which will construct our metric on the bundle {p — l)Kx + qL we 
first choose an ample line bundle on X with the following properties: 

(Aq) For each a — 0, ...,p — q, the bundle aKx + A is generated by global sections 
(r^"-'), where i = 1, 

{Ai) For each (3 = 1, ...,q, the bundle ^A is globally generated by {sj'^^), where j = 
l,...,iV^; 

{A2) Every section of pKx + qL + {1 + q)A^y-^ extends to X; 

(^3) The sheaf 0{Kx + L + A) ^I(h\Xo) generated by its global sections (s^'^^), for 
7 = 1, ...,M. 

Concerning the existence of such a line bundle, see e.g. [40]. Remark that A will 
depend on (p, q) because we impose the extension property (^2)- 



§A.2 Inductive procedure 

We consider a triple of positive integers (/c,/3,q;) such that 1 < /3 < q and such that 
< a < p — q. In what will follow, we denote by J a collection of elements of the 
set {!,..., M} (i.e. we allow repetitions among the elements of J) and we denote by 
g{J) := s*-''-' (we use the notations in the previous paragraph, Aq — A3). The 

number of the elements of a collection J (including repetitions) will be denoted by \J\. 

In order to set-up the inductive procedure, we introduce the next notations. 

. If /3 := |J| < then let u\':'f~^^ e H^{Xo,k{pKx + qL) + /3{Kx+L) + {l + q)A\Xo) 

be the section defined by 

(12) uf.;f^^:=u''®s^'^®s^'^-^^®T^'\ 
where i = 1, ■■■,Qo and j = 1, ...A^^. 

. If I J| = g, then let u^^j''"^ G (Xq, k{pKx + qL) + q{Kx + L) + aKx + (1 + q)A\x,) 
be the section defined by 

(13) «g'-''"):=«'=®s(^)®Tf\ 

where ^ = 1, Qa- 

We formulate the next proposition. 

J'(/c, /3, a): Given a triple {k,(3,a) as above, for any collection J C {l,...,q} with 
\J\ = /3 we have: 
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• If 1 < \ J\ < q — 1, then for any i,j as above there exists a section 

j{k,J 

{3,i) 



e H\X, k{pKx + qL) + ^{Kx + L) + (1 + q)A) 



whose restriction to the central fiber is equal to 
• If\J\ = q, then for any i there exists a section 

^{k,J,a) ^ ^o^r^^ j^^pj^^ ^ ^ ^^^^ ^ ^) ^ ^^^^ 

whose restriction to the central Gber is equal to tt|^-j'"^'"\ □ 
The core of the proof hes in the next statement (see [35] ) . 

Lemma A. 2.1. The proposition 'J'{k, /3, a) is true for any k G Z_|_, any 1 < P < q and 
any < a < p — q. Moreover, the effective version of y(/c, P, a) holds. There exists a 
constant C > independent ofk such that if we denote by h^'^'^^ -respectively /iC^'^'"^)- 

the algebraic metric on the bundle k{pKx + qL) + (3{Kx + L) + (1 + q)A -respectively 
on k{pKx + qL) + q{Kx + L) + aKx + (1 + q)A- induced by the family of sections 

i^u,i?)i,j,\j\=p<<i-i (^S"''"^)i,|j|=r ^'^^^ '^^^^ 

(14) max{ |^e^^'='^^-^^^''-^^-^^£e^^'''^^-^^''-^'^'^-^^} < C 
and 

(15) max{ J y^--^-^''—\J < c. 

Proof Even if the formulation of the above lemma is somehow complicated, the induc- 
tive procedure is quite natural and it will be performed as follows: we first show that 
CP(1, 0, 0) is valid, and then we prove that the next sequence of implications holds true 

0, 0) ^(1, 1, 0) ^(1, 2, 0) ... 7(1, q, 0) 

^ y(l, q, 1) ^ q, 2) ^ ... ^ y(l, q,p-q)^ ?{2, 1, 0) ^ 3^(2, 2, 0) ^ ... 

Notice that we allow /3 to be equal to only for the first term in the previous sequence 
of implications: the reason is that ip('^~^'i'P~i^ = cpC^'^^ We remark that even if the 
proposition CP(/c, /3, a) is purely qualitative, the procedure we describe next will produce 
the uniform constant "C" in the statement above as well. 

To check the first proposition CP(1,0, 0) is fairly easy: it is just the fact that A is 
positive enough to satisfy the property {A2); this allows the extension of the sections 
w ® ® T-^^ for each j = 1, Nq and i = 1, Qq. 

Assume now that for some indexes {k, (5, a) the property "Pik, /3, a) has been estab- 
lished. Then we have to distinguish between several cases. 
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• We first consider the case a — and I < P < q — 1. By property CP(/c,/3,0) we 
deduce that for each indexes J) such that 1 < j < Nq_p, 1 < * < Qo, \ J\ = /5, the 
section 



u)y> e (Xo, k{pKxo + qL) + +L) + {1 + q)A) 



Xk,J) 

''3,i 

admits an extension 

^ll'i? ^ ''(P^^ + + ^(^^ + L) + {l + q)A). 

Next we use the family of sections ^'')i<j<Arq_^,i<i<Qo,| j|=/3 to construct a metric 
Jiik,^) ^Yie bundle 

kipKx + qL) + P{Kx + L) + (1 + q)A; 

it will be singular in general, but its singularities over the central fiber are perfectly 
understood. 

For each collection of integers K such that \K\ = /3 + 1 and for each integers i,j let us 
consider the section 



u 



{k,K) 
hi 



e iyO(Xo, kipKx, + qL) + (1 + /3)(Kxo + i^) + (1 + q)A); 



we intend to extend it in an effective manner by Ohsawa-Takegoshi theorem. To this 
end, we decompose the bundle above as follows 

k{pKo:+qL) + {l+P){Kx+L) + {l+q)A = Kx+k{pKxo+qL)+/3{Kx,+L) + {l+q)A+L 

and remark that in this way it becomes the adjoint bundle of 

E := k{pKx + qL) + P{Kx + L) + {1 + q)A + L. 

Now the bundle E can be endowed with the metric h^^'^^ ® Hl'i it is semi-positively 
curved, and we check now the integrability of the section we want to extend with 
respect to it. We have the next relations. 



|,,(fc,^)|2 



■^0 l^Lm I^Z,m 



\U 



< c. 



The second equality holds because of the definition of the metric h^'^'^^; the third 
one is given by the extension property 7{k, (3, 0). The fourth inequality is obtained by 
simplification of the the common factor u'^, and the fact that all indexes J such that 
\J\ — (5 appears in the expression of the denominator. We also use the fact that the 
sections (rj;^^) do not have common zeroes. Finally the last inequality follows from the 
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fact that the sections s'^'''^ belong to the multipher ideal of the restriction of the metric 
to the central fiber. 

The constant "C" in the last line only depends on the auxiliary sections {s'''^\ ^^jT^) 
and thus they are uniform with respect to k; also (pA is just any smooth metric on A. 

Thus the requirements of the extension theorem 2.1 are satisfied, and therefore for each 
indexes (K, i, j) we obtain 

C/g;f ^ e iy°(X, k{pKx + qL) + (1 + ^){Kx + L) + (1 + q)A 

such that: 

n^ Tj{k,K) _ (fc,K). 
^ ' (J.i) |Xo ~ ' 

(ii) We have 

Jx 

for some constant C which is a fixed multiple of one obtained a few lines above. 
Indeed, all we have to do is to add up the several estimates obtained above, and 
remark that the number of the terms is bounded uniformly with respect to k. 

Therefore, the first case is completely settled. □ 

• We analyze here the second case, namely a = and (3 = q; the arguments are quite 
similar to the previous case. Since we admit the validity of CP(A;,g, 0), we have the 
family of sections 

C/g'-") e H%X, k{pKx + qL) + q{Kx + L) + (1 + q)A) 

such that 

as before, we can use them to define a metric h^^''^^ on the bundle 

k{pKx + qL) + q{Kx + L) + (1 + q)A. 
We have to extend each member of the family of sections 

^{k^,i) g ^0(3^^^ ^(^^^ ^ ^ ^(^^ + L) + + (1 + q)A\x,), 

where \K\ = q. To this end we will use again the Ohsawa-Takegoshi theorem; we can 
write 

k{pKx + qL) + q{Kx + L) + Kx + {l + q)A = Kx + k{pKx + qL) + q{Kx + L) + {l + q)A 

and remark that in this way it become the adjoint bundle of 

E := k{pKx + qL) + q{Kx + L) + (1 + q)A. 

The bundle E can be endowed with the metric h^'^''^^; it is semi-positively curved, and 
we check now the integrability of the section above. 
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L 



l,m \ l,m 

(fc,K,l)|2 /. |sWp)« 



< c. 

Thus, the second case is completely solved. □ 

• The remaining cases we have to consider are (1 < a < p—q—1, P = q) and respectively 
{a — p — q, P = q). We only give the arguments for the latter (and we leave the former 
to the interested reader). The implication we have to prove is 

'P{k,q,p-q) ?{k + 1,1,0) 

Since the proposition CP(/c, q,p — q) is valid, we have the family of sections 

such that 

jj{k,J,p-q) _ ^{k,J,p-q) 
(i)|Xo (i) 

Let /iC^'^'P"^) be the algebraic metric given by the sections {U^^^'^'^~^^) above, where 
\J\= q and 1 <i < Qp-q. Consider the section 

e iyO(Xo, (A; + l){pKxo + qL) + Kx, + L + {1 + q)A) 

(where \K\ — 1). We check now its integrability with respect to the metric /i^^'^'P^^) 
twisted with the metric of L; in the forthcoming computations we skip some trivial 
steps which are direct consequences of the definition of the corresponding objects. 



< c. 

Remark that the last integral converge precisely because of the hypothesis 

u e H''(Xo,pKx, + qL) f^Jih^Xo)^"^) 
and this ends the proof of the lemma. □ 
The estimates (14) and (15) of lemma A. 2.1 show that we can consider the limit metric 

:= lim/i('='^)^ 
k 
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of the bundle pKx + qL), which in addition has the next properties: 

(a) The curvature current of h^°°'> is positive; 

(b) The restriction of the metric h^°°^ to the central fiber is well-defined, and we have 

sup |tt|/,,(oo) < oo. 
Xo 

For the existence of the limit and the verification of the above relations we refer e.g. 
to [15]. 

Now a last application of Ohsawa-Takegoshi extension result will show that the 
section u extend over the whole family. Indeed, we have 

pKx + qL = Kx + ^^{pKx + qL) + -L 

P P 

and we endow the bundle - — ^(pKx + qL) + -L with the metric (h^°°^)^ ®hj . 

p p \ / 1. 

We have 



/ \u\ e p ^ <Co \u\ '^e < 

*/ Xo ^ Xo 



OO 



where the first inequality is given by the property {b) above, and for the last one we use 
the fact that the coefficients of the section u belong to the ideal X(/ii,|x„)^, together 
with the Holder inequality. Again, we see that the condition p > q is crucial. 

This finishes the proof of the theorem 0.1, modulo the integr ability of the appro- 
priate root of the extension. To clear this last point, we first show that 



(16) / e- 

^x 



< OO. 

X 



The relation above is obtained as follows: we multiply the inequalities (14) and (15) 
for successive parameters, and we use Holder inequality. We infer the existence of a 
positive constant C such that 



(17) 



/ e ^ p'^'^dX<C 

Jx 



for any A; > 1. 

Elementary properties of plurisubharmonic functions show that the sequence 

converges a.e. and in L^ to the metric (fi^°°^ (up to the choice of a sub-sequence). By 
Lebesgue's dominated convergence we can take the limit as A; — > oo in (16) and obtain 
(17). 

Now remember that the extension U of our section u satisfies the following 
estimate 

\U\ e p ^ p^ < OO. 

X 
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Then we have 



/ |C/|le"^'^^ = / \U\ 
Jx Jx 



2 _P^^(-)_^^^ £^^(00)^(1:^ 

p g p p g p p '\ 



The first part of the proof of 0.1 is now complete. □ 

In the last part of this section, we establish the quantitative part of the theorem 0.5, 
namely the existence of a section 

U eH\X,pKx + qL) 

such that: 

(i) Over the central fiber we have U\Xo = u A dn'^^; 

(ii) The next L^^'^ integrability condition holds 



/ \U\ie-i'^'^ <Co [ [ 

J X */ Xo 



\u\pe . 



Proof of (a). We will use basically the same arguments as in the proof of the L"i 
extension theorem in the paper [4]. 

In the first place we observe that the space of all the possible extensions of u with 
integrable L^/^ semi-norm is non-empty, thanks to (18)-this is the crucial point! Next 
we define U to be an extension of u which minimize the previous semi-norm; with this 
choice we show now that the estimate required in the theorem above is satisfied. 

Indeed, let us consider the bundle 

pKx + qL = Kx + ^^{pKx + qL) + -L; 

P P 

it is the adjoint bundle of (pKx+qL) + -L, and we can endow the latter with the 

p p 

metric induced by the section U raised to the power 1 — 1/p, twisted with the metric 
of q/pL. This metric has semi-positive curvature and can be restricted to the central 
fiber, as it is the case for the metric of L, and the section U is not identically zero on 
Xq. 

The section u e (Xo,pKxo + qL) is square integrable with respect to the previous 
metric, because the integrability condition reads as 



•'Xo \u\ P JXqi 



q 

p e p"^^ < oo. 



We use here the fact that U is an extension of w, as well as the hypothesis that u belongs 
to the appropriate power of the multiplier ideal sheaf, which implies in particular that 
the last integral above is finite. 
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Thus the Ohsawa-Takegoshi theorem shows the existence of some extension 

UieH''{X,pKx + qL) 

of our section u such that 



Jx \U\ p Jxq 



2. — S. 

u\pe p'^^ . 



But then we are done, since we necessarily have 

|2 



/ |(7|pe p^ < / —e ^ 

Jx Jx \U\'^^ 



'PL 



because if not the minimality property of the section U will be violated: the argument 
is as follows. We assume that the inequality above does not hold; then we have 



2 I^L 



/ \Ui\pe = / — — \U\ p e p^ 

Jx Jx \uf'~i^ 



< 



X \U\^~ ^ ^Jx 



< I |C/|ie"p'^^. 



The contradiction we have just obtained shows our result 0.1 is completely proved. 
□ 



§B. Canonical metrics and their restriction properties 

In this section we prove theorem 0.2 and we derive some of its consequences. 

Let TT : X ^ D be a proper, surjective map, where D is the unit disk. We assume 
that the central fiber Xq = 7r~-'^(0) is non-singular, and let L — > X be a hermitian line 
bundle such that we have 

(19) K[A] + a)eci(L); 

we assume that A = X^^gj ^^■'Yj and the metric e"*^" on Kx + -L\Xo are satisfying the 
properties (a) — (c), respectively (7), (8) in the introduction. The conventions in the 
introduction are in force during all of the present paragraph. 

Following Ein-Popa's elegant approach in [16], for each s = 1, we define the set 

Js := {j e J' : piy^ > s}. 

Then we can write 



(20) 
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and the relation (20) induces a decomposition 

L — Li + ... + Lp_i + Lp 

where Lg = Z^^^j^ each s = l,...,p— 1, and such that Lp admits a metric whose 

curvature form equals p{a + Ejej\j' ^^[Yj]) + EjejJ^j]- 

Let k e Z+ and r e {0, 1, ...,p — 1}; we introduce the notation 

(21) := rKx + Li + ... + 

together with the convention that L^^^ is the trivial bundle. By [40], there exists an 
ample line bundle ^ on X having the following uniform global generation property: for 
any positively curved hermitian bundle (F, hp) on the central fiber Xq, the sheaf 

(22) (D{{Kxo +F + + A-J2yj)^ ^(^f)) 

jeJ 

is generated by its global sections, for any r = 0,...,p — 1. We also assume that A is 
ample enough, so that the bundles L^*") + A, their adjoints Kx + L^'^^ + ^ as well as 
L^'^^ + A — Ejej Yj are very ample, for r = 0, □ 

We introduce next the main technical tool which will lead us to 0.2. 

For each {k, r) within the range prescribed above we will briefly recall the construc- 
tion of the fcp-Bergman metric on the bundle 

k{pKx/B + L)+L^''^ +A 

where we denote by Kx/d '■= Kx — P*Kb the relative canonical bundle of the map 
TT : X — )■ ©. The existence of this metric, together with its main features which are 
included in the next statement is crucial for the proof of 0.2. We refer to the articles 
[3], [4] for details and proofs (see also [47], [48] and the references therein for related 
results) . 

Let D' C D be a Zariski open set, such that for each t E each section of the 
bundle 

k{pKx + L) + L^'^ + A\x, 
extends locally near t, for all r = 0, ...p — 1. The result proved in [4] states as follows. 

B.l Theorem ([4]). There exists a positively curved metric h^x/n^^ ^''^ bundle 

(23) kipKx/n + L) + L^'^^ +A 
such that 

(a) For any t e D', the restriction of the dual metric h^xjn^^* '^t defined by 

ICI := sup \^{Ua;)\ 
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where is a vector in the dual bundle fiber —k{pKx/ji -\- L) — L^'^^ — A\Xt,x- 
denote by the set of all holomorphic sections u of the bundle (23) restricted 

to Xt satisfying 

Jxt \ kp p / 

and we denote by u := u A dn'^^P . The metric ipr,A is non-singular, positively 
curved on L^'^^ + A, and (pL is induced by (19). 

(b) For each compact set K C A there exists a constant Ck > uniform with respect 
to k, such that the local weights f^x/^'^^ of the metric hi^J^^^ are bounded from 
above by kCK on every co-ordinate set contained in 'k~^{K). □ 

An important observation is that the metric constructed above is not exphcitly de- 
scribed on the set D\D', so a priori we don't know the size of its singularities over that 
set. However, as we have remarked in our previous article [4] the "extendable sections" 
of the restriction 

k{pKx/B + L)-^ l(^) + A\x, 

provides us with a lower bound for the weights of h^x/^\ even if t e D \ D'. Let us 
explain this next. 

The main claim is the following. Let > be a real number such that the disk 
centered at zero with radius does not contain any critical value of tt, and let r e D such 
that |t| < 11. We consider a holomorphic section U of the bimdle k{pKx/n'\'Li)-\-L^'^^ -\-A 
over the whole family X, whose global ip-l^'P norm is finite; then (modulo an abuse of 
notation) we have 

.24^ |^(x)Pe-^x;r(-) ^ ^ 

(/^jC/pAPexp(-^-^)dA) 

where x G is an arbitrary point. 

Indeed, if r G D', then the above claim is a consequence of the definition. If not, 
then use a limit argument-since the weights 9?x/a'^^ upper semi-continuous, and 
since the singularities of l/p(pL are mild enough (see [4]). □ 

We come back now to the metric (po given by hypothesis and we use it to define the 
space 

(25) Vk,r := HO(Xo, {kpKxo + kL + + A\Xo) ® ^(M) 
where 

(26) := {kp - 1)^0 + J](l + Jy') log Ifrf + Vr,A- 

3&J 

In the expression of the metric above, we denote by ^Pr,A a non-singular, positively 
curved metric on the bundle L'^'^^ -\- A — YlijeJ^r remark that we introduce an 
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additional singularity (1 + u^) instead of in the expression of the metric V'fc.ri it will 
be useful during the proof of lemma B.3. 

Anyway, the set Vk,r is in fact a Hilbert space, whose inner product is given by the 
formula 

(27) {{u,v)) := f {u,v)e-'^'''\ 



We consider an ortho normal basis (w^'^^^'^'') of Vk,r and we prove next the assertions 
B.2-B.5, that together will prove theorem 0.2. The approach presented here has many 
similarities with and generalizes the one in [15], [47], [48]. 

B.2 Lemma. There exists a constant C independent of k,j, such that 



j 



p kp ' 



for all A; > 0. 

Proof. This is a consequence of Holder inequality, as follows. 

|^fcp+r)|2/fepg-i<^z,-7^¥'..A ^ 



X 







/I I \ o krt—1 1 1 fep— 1 kp—1 



J 



Xo 



3 



The last inequality is valid because of the integrability assumption (9) concerning the 
metric (fL. □ 

We introduce the set 

:= {jeJ: = 1} 

and we show next that each element of Vk,r admits an extension to X which vanishes 

Yj. This will be crucial for the study of V'^/p , given the 

inequality (24). Most of the "extension" arguments provided for the following lemma 
has been invented in [40]; to our knowledge, their relevance in the actual context first 
appeared in [47]. 

B.3 Lemma. For each k,r and j there exists a section 

whose restriction to Xq is equal to and such that its zero divisor contains 



18 



Proof. We will use induction on kp + r; if A; = 1 and r = 0, then the extension of the 



sections u^f^ is a consequence of the ampleness of A, together with the fact that the 



condition in the definition of the space Vi^ force the vanishing of Uj along Yj. 



Therefore, we assume that the extension of the sections u^^^^^^^ to X with the vanishing 

properties required by B.3 has been already shown to exist, and let ui'^^^^^'^ be an 
element of the basis of Vk,r+i- 

• If r < p — 2, then we intend to use the global generation property of the bundle A 
(see (22)) where the data is 



F := {kp - 1) (Kx,o + \l) + \l + Y. 



and (fiF '■= {kp — l)<^o + + ^^S Ifvj Since the section u\''^~^^~^^^ belongs to 

jeJ 

the ideal associated to the metric (^i?, we have the pointwise inequality 
(28) lu^P+'+'^l^KC^luf^+'^l^ 



by global generation property (22), where the norms are computed with respect to 
some non-singular metric on the corresponding bundle. 

We write the bundle kpKx/B + kL + L^'^+^^ + ^ in adjoint form, as follows 

kpKx/n + kL + L^''+^^ +A^ Kx/b + U+i + kpKx/n + kL + L^^) + A 

By Ohsawa-Takegoshi theorem A.O, in order to extend the section u^J'P'^'^'^^^ ^ it is 
enough to endow the bundle 

E := Lr+i + kpKx/B + kL + L^''^ + A 

with a semi-positively curved metric, such that the norm of ui'^^^^^'' with respect 
to it is finite. We denote by y'L^+i the singular metric on Lj.+i, whose curvature current 
is equal to X^jej^+i [^l) by ^Pl^+i a non-singular metric on this bundle -for which 
we cannot impose any curvature requirements. We also define the metric on 
kpKx/B + kL + L^^^ + A induced by the family of sections {Uj'^^'^^^)^ 

For any parameters 5, e, r e IR+ we define the next metric on the bundle E 

(29) ipE := (1 - S)ipL^^, + SipL,^, + (1 - £)^('=P+^) + e{{kp - l)ipmin,r + \>L + (pr,A) 

where (pr^A is a positively curved non-singular metric on the bundle Kx + L^"^^ + A and 
Vmin,T is the metric induced on Kx + by the metric with minimal singularities 
on Kx + ^jpL + tA. We note that its curvature form is greater than —tua-, and that 
its restriction to Xq has the expression in (6). 
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We remark that {E,e~'^^) is positively curved, provided that s ^ 5, and that 
{kp — 1)t <^ 1. We still have to check that the following integral is convergent 

(30) [ l^f^+'^+'^lV^- <oo. 





Prom relation (28), we see that the above condition will be satisfied if we can show 
that 



(32) f |^(fcP+'"+l)|2eg-(l-5)¥'i,^+i-e(fcp-l)¥>min,T-f ¥'1, ^ 



oo 



(we ignore the non-singular weights in the expression of the (Pe)- 

In order to establish the relation (31), we recall that by hypothesis we have 

^0< E/^mi„,oolog|/,f + Yl 

jeJ' jeJ\J' 
Since the section uf^^'^'^'^^^ belongs to the space 14,^+1 we infer that the divisor 

j&J' jeJ\J' 

is smaller than its zero divisor. As recalled in the introduction, for any r > we have 
Pmin oo — Pmin r' therefore the integral (31) is dominated by the quantity 



1 r I -P .V^^^^j^P^P min,oo ^ ) P min,oo "^^ 

1 Lj^J\J' \ J 3 I 



Indeed, the lower bound of the vanishing of the section as explained before 

is big enough in order to compensate the singularities 



2 



arising from the restriction of (/^min r and —(pL to the central fiber: this is the main 

P 

reason for introducing the additional singularities in the expression of the metric ipk,r- 
We recall that we have <^l^+i = E] l/jP' hence the finiteness of the 

integral above is a consequence of the integr ability lemma B.13, which will be stated 
and proved at the end of the present section. Thus, all the hypothesis required by 
the extension theorem A.O are fulfilled, so there exists a section jj^^'p^'^^'^^ extending 
^(fcp+r+i)^ and which is with respect to f^^;. We remark that by induction we have 



20 

and this is also the case for -(fL (by definition), so we derive a similar conclusion for 

P 

(fiE, given the expression (29). Thus, the case r < p — 2 is completely settled. 

• We assume next that we have r = p — 1. The section to be extended during this step 
is say u^^^^^^ e Vk+i^o, so it verifies the following condition 

(32) I |«fP+^)|2e-^^+i-°<oo 

J Xo 

hence we get 

(33) / ' ' \ e-^-^-^dX < oo 

because of inequality (7); we denote by aj the canonical section associated to the 
hypersurface Yj . From the finiteness of the previous integral, we derive two conclusions. 
In the first place, the section 



(kp+p) 



yip) := . 

npv^ 
j€J\J' 

is holomorphic. Secondly, v^^'^ belongs to the multiplier ideal sheaf 3{'ipk,p-i)- By global 
generation property (22) of the bundle A, we therefore obtain 

I (fep+p)|2 

l\.jeJ\J' j 

Next, we write 

{k + l){pKx/o + L) + A^ Kx/n + Lp + kpKx/n + kL + L^P'^^ + A, 

so we consider the bundle 

E:=Lp + kpKx/B + kL + L^P'^^ + A. 

In order to endow it with a metric, we recall that the Chern class of Lp contains the 
current 

p{a+ J2 

jeJ\J' jeJp 

The metric whose associated curvature form is equal to the the first term of the previous 
sum is denoted by (pp, and we define (pp :— log l/y^ They induce a metric on the 

bundle E as follows 

(35) (fE := <^i + (l-(^)<^p + (^^p + (l-£)¥'^''^^^"^^+£((^P-l)^min,T + -¥'L + ^p-i,.l). 

p 



§B. Canonical metrics and their restriction properties 21 

Its curvature current is positive as soon as 6 <^ e and {kp — 1)t <^ 1. 

The L^-norm of the section uf'^'^^^ with respect to cpE is finite, provided that we 
have 

(^35) f |^(fcP+P-l)|2£g-(l-<5)vPip-e(fep-l)(^p^in,r-f V'i ^ 

for each j. As in the preceding case, the requirement reduces to (36) thanks to the 
inequahty (34) above. The inequahty (36) was aheady estabhshed during the analysis 
of the preceding case (31). 

In conclusion, there exists an extension JJ^^^^^^ of the section ttp^"^^-* , which more- 
over is integrable with respect io ipE- This implies that the section jj^^'p^'p^ vanishes 
as required in lemma B.3, so the proof is complete. □ 

The next statement is a summary of the preceding considerations. 

B.4 Lemma. We have 

(37) sup \uf''\x)\i-v < C-ie^'^^M^"^ 



3 

for any k, as well as for any a; e Xq. □ 

Proof. Indeed, we specialize the relation (24) for r := 0, and U := U^^^^ (cf. lemma 
B.3); combined with lemma B.2, it gives the inequality (37) above. □ 

As a consequence of the regularization theorem due to J.-P. Demailly in [12], we have 
the following very precise estimate. 

B.5 Lemma. There exists a constant C such that we have 

{kp - l)ipQ{x) + ^(1 + v^) log l/y.p < Clog/c + log sup \uf''\x)\'' 

for any x & Xq and k e Z+ large enough. □ 

Proof. We refer to the articles [12], [15]; the preceding inequality is obtained from the 
proof of the main theorem. □ 

Proof [of 0.2). By theorem B.l, (b) we infer the existence of a positively curved limit 
metric 



on the Q-bundle Kx/o + ^/pL. By lemmas B.2-B.5, the metric fx/ a ^^^^ singular 
than (fo when restricted to the central fiber Xq. This metric is clearly more singular 
than ifmin, so the inequality (9) of theorem 0.2 is established (the uniformity of the 
constant C in (9) is obtained by inspection of the proof of B.2-B.5). □ 

B.6 Remark. The "traditional" method of proving this kind of results does not seem 
to work in this generalized setting. The reason is that we have to change the param- 
eters 5,e in the proof of B.3 as k — > oo, and the usual "concavity of the log" (in [41], 
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[35]) cannot be applied in order to obtain the estimates needed for the justification 
of the hmit metric above. The asymptotic /cp-Bergman metric somehow converts the 
qualitative information of the lemma B.3 into an effective estimate. □ 

We state the second part of theorem 0.2 as a separate corollary. 

B.7 Corollary. Let u be a section of the bundle pKxo + L\Xo> whose divisor of zeroes 
contains pY,jej' P'Lin,oo^jo + P^jeJ\J' ^"'XjO/ moreover, we assume that 

(42) / |M|ie~^'^^ < oo. 

J Xq 

Then there exists a section U of pKx + L extending u, and such that 



U\pe p'^^ ^ Cq \u\pe . 



1 , 



□ 



This statement can be seen as a generalization of [16], [22] where L has an ample 
component. Certainly the convergence of the integral above just means that u vanishes 

on the log canonical part of -L, but we prefer this formulation because it is very well 

P 

adapted for the study of similar results under more general boundaries L. □ 

Proof. The vanishing properties of u together with the inequality (10) shows the 
existence of some constant C such that we have 

|^|2g-p(^^i„ < C < OO 

p-l 1 

on the central fiber. We have pKx + L = Kx H ipKx -\- L) H — and the above 

p p 

inequality shows that the norm of u with respect to the metric {p — l)<^min + pfL is 

2 

finite (we use here the Lp convergence hypothesis (42) in B.7). The proof ends thanks 
to the Ohsawa-Takegoshi theorem. □ 

In order to prove the inequality (10) stated in the introduction, we will assume that 

(38) < 1 
for all j & J. 

Let L' := L\Xo —p ^ Pmin oo^o —P J^^YjO] by definition of the set J' we see 

jeJ' jeJ\J' 
that it is a pseudoeffective M-divisor on the central fiber Xq, whose adjoint 

(39) pKx, + L' 

is pseudoeffective. This property is a consequence of the fact that <^min|Xo is well 
defined, so that we can write 

0min|Xo = y^PminKo] + 
3&J 
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the observation is that p^jj^ > p^jj^ ^ for any e > 0, and thus the same inequahty holds 
for the hmit. 

Wc denote by a metric with minimal singularities corresponding to the bundle 
(39); a direct consequence of the theorem 0.2 is the next statement. 

B.8 Corollary. We have 

l^'minlXo - Pminoo l/jf ' ^ ^^g |/jf - ip'^^^\ < C 

j&J' jeJ\J' 
pointwise on "Xq. □ 
Proof. We first observe that the expression 

V' := Vmin\Xo - Yl ^min,oo ^^g | /j T - J] log \fjf 
JeJ' j€J\J' 

corresponds to a positively curved metric of the bundle in (39) (despite of the minus 
signs in its definition...), and thus we have 

V'<^min+C 

by definition of the minimal metric associated to a cohomology class. 
In the opposite sense, we note that we have 

jeJ' jeJ\J' 

by inequality (10), where the metric (po corresponds to the right hand side of the above 
relation. Finally, we clearly have 

(41) V'min > ^X/B 

and the corollary B.7 is proved. □ 

We turn now to the analysis of the compact version of 0.2. This means that we replace 
the couple (X, Xq) by (X, S*), where X be a projective manifold, and S C X is a 
non-singular hypersurface. We consider a line bundle L — > X such that 

(43) K[A] + «)eci(L) 

where A = X^jgj i^-'Yj and a >0 have the properties (a), (b) and (f) in the introduc- 
tion. 

The class {Kx + S + l/pL} is assumed to be pseudoeffective, and we denote by 
ipmin a metric with minimal singularities corresponding to it; the associated curvature 
current will be denoted by Qmin- As before, we suppose that 

(44) iymin{{Kx + S + 1/pL}, S) = 
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and then we can define the quantities p^^j^ ^ exactly as in the previous case: let 0min,e 
be a current with minimal singularities within the class {Kx + <S' + 1/pL + eA}; we 
have 

(45) e^in,,|S := Yl Pinin,e[Yj\s] + ^S,e 

jeJ 

(thanks to the assumption (44) above) where (p'^in g) are positive real numbers, and 

A5 e is a closed positive current defined on S. The limit of p:^;^ e denoted by p'^j^ oo- 
With this quantities we define the set J' C J as in the introduction, and we assume 
that (c) holds as well. 

Another part of the data is a positively curved metric ipo on the bundle Kx + S + 
l/pL\s'i we assume that it satisfies the properties (7) and (8) in the introduction. We 
discuss next the following version of the theorem 0.2. 

B.9 Theorem. Under the hypothesis above, the metric V'minis '<^ot identically —00 
and we have 

pointwise on S. □ 

Proof. The following arguments are completely similar to the ones provided for the 
proof of 0.2 along the steps B.2-B.5. We will explain next the few things which are to 
be changed in order to conclude. 

• We consider the space 

(46) Vk,r := i?" [S, {kp{Kx + S) + kL + + A\s) ® J(^fc,r)) 

where V'fe,r '■= {kp — l)<^o + ^^(1 + ^'^) \fYj\'^ + (Pr,A', is a positively curved metric. 

jeJ 

Let {uj'^^'^^^) be an orthonormal basis of the space Vky, then we have 

(47) 1^ |uf- +-'P""'exp ( - - 1^,.) < C 

for all A; > 1 thanks to the Holder inequality, see B.2 (in the expression under the 
integral sign, we identify -u^-^^^^'* with a section of the bundle kpKs + kL + L*^*") + A\s). 
Given the singularities of the metric V'fe.D we infer that the section u"^^^^^ vanishes 
along the divisor Y.meJ^ra\s- 

• The algorithm used in the proof of the lemma B.3 shows that given the integers 
{k,r,j), the corresponding section u^^^^^^ admits some extension to X. In fact, we 

show next that we can construct an extension of u^^^^^^ which verifies an effective 
estimate, crucial for the rest of the proof. 

Let C J be the set of indexes j E J such that = 1. Exactly as in the proof of 
B.3 we show that there exists an extension Jj'^^^'^^^ of the section Uj^^'^^^ which vanishes 
on the divisor X^^^ji Yj- In particular, the section JJ^^^'^^^ verifies the inequality 

(48) / |(7- ^|^exp( <^5) < 00 
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The next claim is that we can choose an extension JJ^^^^^^ of the section uf^'^^^ such 
that 

(49) / \U) ^fepexp( ■ (ps)<Co \u)'^ ^ exp ( —) 

Jx ^ ^ kp Js ^ kp ' 

for all /c 0, where the constant Co is independent of k. Indeed, the proof of the 
L^-Ohsawa-Takegoshi in [4] shows that the extension of uf'^'^^'^ which minimize the 
left hand side of (49) will automatically verify the estimates; we do not provide here 
any further details, but rather remark that this is the only place in the proof where 
the condition (f) is used. 

• We denote by tp'^^P^ the metric on the bundle kp{Kx + S) + kL + A associated to the 
set of sections U^^^^ . The inequality (49) above shows that 

(50) := lim sup -^^^^^^ 

reg ;._^oo kp 

is a positively curved metric on the Q-bundle Kx + S+^L. Its restriction to S is greater 
than ipo (up to a constant), by the same arguments as in B.4 and B.5. Certainly the 
metric 'ip^°°^ is smaller than the metric with minimal singularities, so that the theorem 
B.8 is proved. □ 



Question. One of the important points in the proof of theorem B.8 was that we can 
construct the extensions Uj vanishing along 22jeJi describe next a related 

question. 

Let A be an effective divisor on X; one can define a notion of A-minimal metric 
on Kx + 'S' + ^L, i.e. the upper envelope of all normalized, positively curved metrics 
which are at least as singular as the quasi-psh function associated to the divisor A. We 
denote this object by v^min.A and we assume that its restriction to S is not identically 
— oo. The question is to identify the restriction v^min,A|s; more precisely, we ask for a 
criteria similar to the corollary B.7. Unfortunately, the methods used and developed 
in this article do not seem to be very helpful in this direction. □ 



B.IO Remark. A large part of the proof of B.9 can be applied in a more general 
setting, but it only gives a qualitative result. 

For example, instead of the set J' in the introduction we can define 

4 := {jeJ: pi,,^^ < < 1}; 
we also formulate the next condition. 

(c') For any subset / C Jq and for any £ > the restriction of the current Aqe defined 
in the relation (5) to the intersection P| Ym fl is well-defined. □ 

The hypothesis are the same as for B.9, except that we use Jq and (c') to replace J' 
and respectively (c). Then we infer the following result, which will be crucial for the 
next section. 
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Consider the space Vk,r as in (46); then relation (47) stiU holds without further 
modifications. Concerning the second bullet in the proof of B.8, we can only show the 
existence of an extension jj^^'p^'^^ of u^^^^^\ without the estimate (48). The family 

{U^^^^)j defines a metric '^^^p^ on the bundle kp{Kx + S) + kL + A, and we have the 
estimate 

^(M > (^kp - 1)^0 + 5^(1 + i^') log Ifyf + C 
pointwise on S. A last observation is that if the bundle p{Kx + S) + L happens to be 

( r) 

big, then we can define the space Vk,r by using sections of kp{Kx -\- S) + kL-\- L)^^' (i.e. 
without the additional twisting with A) by a slight modification of the weight as in [15], 
section 17. Then the family of extensions {U^^^^)j are sections of kp{Kx-\-S)-\-kL-\-L^'^\ 
and the above inequality becomes 

(.) V^'^^ > {{k - ko)p - l)(^o + ^ + 5^(1 + i^') log Ifr, I' + C, 

where ^|; is a, metric on on kop{Kx + S) + k^L whose curvature current is greater than 
a Kahler metric, and /cq is a large enough integer. 



A consequence of the corollary B.9 is that the norm with respect to the metric 
g-¥'min|s of any section u of the bundle p{Kx + S) + L\s whose zero set contains the 

divisor ^jgj/ Pmin oo^|S + X]jej\j' ^''^j\s is uniformly bounded. We show in the next 
corollary that u admits an extension to X in the kit case. 

B.ll Corollary. In addition to the hypothesis in B.9, we assume that < 1 for all 
j e J. Then any section 

ueH%S,p{Kx + S)+L^s) 

whose zero set contains the divisor X^jgj' Pmin^is + ^^^3\s admits an exten- 

sion to X. □ 

Proof. Let ^ — > X be an ample enough line bundle, such that 

u®aA 

extends to X, where a a is a non-zero section of A. We denote by C/a the corresponding 
extension, and we consider the section 

u®'' ^aAeH'^ {S, 2p{Kx + S)+2L + A^s) 

We will construct next an of extension of tt®^(8)crA which is divisible hy Ua, the quotient 
will be the desired extension of u. 

To this end, we have the equality 

2p{Kx + S) + 2L + A = Kx + S + p{Kx + S) + L + A+{p-l){Kx + S+-L) + -L, 

p p 
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and for each positive e, we consider the metric 



log + (P - l)'yfmin + -<fiL- 

P 



Its curvature form is both semi-positive, and it dominates —Qh(0(S)). In order to 

p 

apply [13], we have to check next the integrability condition 



exp [- [p- l)</fmin (fL) < OO. 



Is \u(^aA\ P 
This is however obvious, since by corollary B.8 we have 

at each point of S, and the restriction to S of e~^^'^'^^ is convergent. 
Thus, we obtain a section 

y e (X, 2p{Kx + 5) + 2L + A) 

whose restriction to S is equal to xP" ®(Jai and such that 

/ viT^ ( ~ (^^ ~ l)¥'min - -^l) < OO 

l^^^l P 

V 

This in turn implies that the quotient — — is a holomorphic section of p{Kx + S) + L, 

Ua 

and it is equal to u when restricted to S. □ 

We establish next the following integrability criteria, which was used several times in 
this paragraph. 

B.13 Lemma. Let Q be a closed (l,l)-current on a Kdhler manifold {X^uj), such that 

e > -Cu 

for some positive constant C. Let (yj)j=i,...,r be a finite set of hypersurfaces, which are 
supposed to be non-singular and to have normal crossings. Moreover, we assume that 
the restriction of Q to the intersection Di^jYi is well defined, for any I C {l,...,r}. 

Then there exists a positive Eq = eo{{Q},C) depending only on the cohomology class 
of the current and on the lower bound C such that for any 5 e]0, 1] and e < Eq we have 

I exp ( - (1 - 5) V log l/y/ - e<fe)dK < oo, 

at each point x & X . □ 

Proof. Let x G X be an arbitrary point; we can assume that x G Yi n...nyb and y ^Yf~ 
for some b <r,k>b + l. For each p= 1, 6 we define the complete intersection 

s„ :=yin...nK 
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and the Skoda integrability theorem imply that 

exp{—e(fi@)dX < oo 



L 



for any e <eQ (we remark that here we use the hypothesis concerning the restric- 
tion of G to the sets Sp). 

By the local version of the Ohsawa-Takegoshi theorem (cf. [13]), we can extend the 
constant function equal to 1 on S;, to a holomorphic function /^-i e 0(Sb_i,a;) such 
that 

|/b_ipexp ( - (1 - 5)log|/y,p -eipQ)dX < oo; 



L 



we repeat this procedure h times, until we get a function /o G 0{X^x) such that 
/ |/opexp(- (1 -5) Vlog|/yj2 _£<^q)c?a < oo. 

Since the function /o is constant equal to 1 in a open set centered at y in S;,, we are 
done, except for the uniformity of Eq. 

Indeed, the fact that the Sq only depends on the quantities in the above statement 
is a consequence of the fact that the Lelong numbers of closed positive currents on 
Kahler manifolds are bounded by the cohomology class of the current. □ 

As a side remark, one can see that the preceding statement hold true under the 
weaker assumption 

that is to say, we claim that the previous lemma is true if the generic Lelong number 
of along all the intersections above is zero. Indeed, one can apply the regularization 
theorem stated in 2.1 combined with the Holder inequality in order to derive the general 
result; we leave the details to the interested reader. □ 



§C. Further applications 

We will prove in this paragraph an extension statement which was used in the article 
[4] (theorem B.1.2). We first recall the general set-up in [4] (and use the notations in 
that article). 

Let X be a normal projective variety, and let A be an effective Weil Q-divisor on X, 
such that Kx + A is Q-Cartier. We consider W d X aiv exceptional center of (X, A); 
in other words, we assume that there exists a log-resolution n : X' ^ X the pair 
(X, A) together with a decomposition of the inverse image of the Q-divisor Kx -h A as 
follows 

(t) IJi-'iKx + A) = Kx' + -5 + A' + i? - S, 

such that: 
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• is an irreducible hypersurface, such that W = IJ,{S); 

• A' := a^Yj, where xq e n{Yj) and g]0, 1[; 

• The divisor R is effective, and a hypersurface Yj belongs to its support if either 
Xq /i(i^), or Yj f] S = $ (so in particular the restriction R^s is /X| 5- vertical); 

• The divisor S is effective and /x-contractible; in addition, we assume that the support 
of the divisors of the right hand side of the formula (f) has strictly normal crossings. 

In general, the center W is singular, and we will assume that the restriction map 
fi^s '■ S factors thru the desingularization g : W — > so that we have 

i^\s ^ g°p 

where p : S ^ W is a surjective projective map. 

Before stating our next result, we introduce a last piece of notation: let A be an 
ample bundle on X, and let Fi, ...,Fk be a set of smooth hypersurfaces of W with 
strictly normal crossings, such that there exists positives rational numbers {Sj) for 
which the Q-bundle 

(51) g-'iA)-Y,S'Fj+£Kw' 

is semi-positive (in metric sense) for any e small enough, and such that g{Fj) C Musing 
for each j. Indeed a set (Fj) with the properties specified above does exists, see e.g. 
[4]. 

The family (Fj) induces a decomposition of the divisor S as follows 

S = Si + S2 

where by definition Si is the part of the divisor S whose support restricted to S is 
mapped by p into ^jFj. 

The result we will prove next is the following. 

C.l Theorem. LetT be any closed positive (1, l)-current, such that there exists a line 
bundle E on X with the property that T = fj,*{E)\s + 'm'{Ks/w' + ^'\s)- Then we have 

T > m[S2|s] 

in the sense of currents on S. □ 

Proof. We start with a few reductions; by hypothesis (51) we infer the existence of a 
non-singular and semi-positive (1, l)-form a such that 

a = C{g*(A) - J2 ^'Fi) + 

i 

where C > is a large enough constant. Therefore we obtain 

(52) T + Cj2S'\P*iFi)] + P*ia) = 1^* {E + CA) + m{Kx' + S + A') 
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By definition of the decomposition S = Si + S2, irreducible components of the divisors 

'^^6^p*{Fi) and respectively S215 are disjoint (we use here the fact that /U is a log 
resolution). Therefore, in order to prove the previous theorem it is enough to show 
that the current 

(53) e := T + Cj2S'\P*{Fi)] +P*{a) 

i 

verifies the inequality 

(54) e > m[S2|s] 
in the sense of currents on S. 

We show next that the inequality (54) is a consequence of remark B.IO. By relation 

(t), we have 

(55) II* {E + CA + m{Kx + A)) + mS = + CA) + m{Kx' + 5 + A' + i?). 

We can assume that A is large enough, such that Kx + A + — (CA + E) is ample as 

m 

well; then we claim that the metric with minimal singularities (fmin associated to the 
big class 

(56) -{ii*(E + CA + m{Kx + A)) +mE}. 

m 

has the same singularities as (pE- 

To sec this, we first recall that by Hartogs principle the zeroes divisor of any section 
of the bundle 

k{fi*{E + A + m{Kx + A)) + mS) 

is greater than kmE, (indeed, the Hartogs principle is still valid even if X may have 
singularities; the thing is that it is normal). Since the cohomology class (56) is big, 
the regularization of closed positive currents in [12] shows that the positively curved 
metric e"*^""'" can be approximated with holomorphic sections of the bundle 

k{ii*{E + A + miKx + A))+E) 

in a very precise way: there exists a (singular) metric i/j on the bundle /co(/x*(£' + A + 
m{Kx + A)) + S) such that {k — /co)v^'min + V' is smaller than the metric induced by 
a family of holomorphic sections of the bundle above, see [12]. As A; — > 00, we have 
proved our claim. 

Let (fie+R be the metric of the bundle 

Kx' + S + A' + R+ —iJi^E + A)\s 

whose curvature current is equal to © + [R\. 

We apply the results obtained in B.IO for (pQ := (/^e+T?- The hypothesis needed for 
the inequality (•) to hold are satisfied, given the structure of (/?min discussed above. 
Hence, despite the fact that in the inequality (•) we do not have any upper bound for 
the algebraic metric 'ip^''P\ we can infer that the the metric (pe+R is more singular than 
mf^Hg. The proof of theorem C.l is finished. □ 
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